Introduction
Definition 1.1. Let E be an elliptic curve defined over Q. Then E is called an (elliptic) Q-curve if E and its Galois conjugate E σ are isogenous over Q for any σ in Gal(Q/Q).
In Gross [4] , E is assumed to have complex multiplication, but we do not assume that in this paper.
Many versions of modularity problems are known for elliptic curves over number fields. The most famous and typical is the Taniyama-Shimura conjecture, shown by Taylor and Wiles in the case where E is semi-stable. This conjecture says that every elliptic curve E over Q is modular, i.e. E is isogenous over Q to a Q-simple factor of the jacobian variety of the modular curve X 0 (N ) for a positive integer N . Similarly, a modular Q-curve is defined as follows: Definition 1.2. Let E be a Q-curve. Then we say that E is modular if E is isogenous over Q to a factor of the jacobian variety of the modular curve X 1 (N ) for a positive integer N .
The following conjecture which was mentioned by Ribet is known as a generalized Taniyama-Shimura conjecture (cf. [7] ): Conjecture 1.3. Every Q-curve is modular.
We have shown a method to construct families of Q-curves defined over biquadratic fields in [6] . In this paper, by supposing a few more conditions on Q-curves, we give a family of modular Q-curves defined over biquadratic fields, which are either totally real fields or CM-fields (both cases can happen). This paper is organized as follows. In Section 2, we introduce our main theorem. In Section 3, we give a modular equation of X 0 (22) and give some of its properties. Using this equation, we shall prove the main theorem in Section 4. In Section 5, using our main theorem, we give some interesting examples.
Results.
In order to state our main theorem, we need some notation. We define the rational function j(x, y) by and
For any rational number r, we put
where w(r) = (r + 1)(16r 3 + 48r 2 + 44r + 13). Let K r be the extension over Q generated by x(r) and y(r). Then
We put j r = j(x(r), y(r)), and define the elliptic curve E r with j-invariant
Now we state our main theorem:
Theorem 2.1. If the denominator of r is prime to 11 and r is not congruent to 1 or 9 modulo 11, then the elliptic curve E r is a modular Q-curve defined over K r .
In the case [K r : Q] = 4, K r is a biquadratic extension. We denote by σ and τ the elements in the Galois group Gal(K r /Q) which fix Q(
and Q( w(r)), respectively. The elliptic curve E r is isogenous via φ and ψ respectively to its conjugates (E r ) τ and (E r ) σ , whose degrees are equal to 2 and 11, respectively. Then we have the following diagram:
where φ , ψ are Galois conjugates of φ, ψ.
The modular curve
. For a positive integer N , we define the modular subgroups Γ 0 (N ) and
and
We denote by X, X 0 (N ) and X 1 (N ) the modular curves defined over Q corresponding to Γ, Γ 0 (N ) and Γ 1 (N ), respectively. In this section, we prepare some data on the modular curve X 0 (22) to obtain our main theorem. We assume that N is a square-free positive integer. For any positive integer d dividing N , we define the automorphism w d on X 0 (N ) which corresponds to the matrix xd y zN wd ,
which is the subgroup of the automorphism group of X 0 (N ), and define the quotient curve X * 0 (N ) by (3.5) 
Now we can regard model (3.6) over Q as a model over the local ring Z (11) of Z at 11. Hence we define a scheme C over Z (11) by equation (3.6) . Then the special fibre C of C is given by the model
over F 11 . Then C has the following important property. Recall that a point of X 0 (N ) over a field with finite characteristic is called supersingular if the elliptic curve corresponding to the point is supersingular. P r o o f. It is known that the supersingular j-invariants in characteristic 11 are j = 0 and j = 1728 = 1. Let M be the modular curve X 0 (22) over Z (11) . The special fibre of M has two irreducible components, which we denote by Z and Z , and these two components intersect in exactly three points, since the genus of X 0 (22) is equal to 2. Then we see that the intersection points correspond to the supersingular points ( [2] ). Moreover M has only one non-regular point. In fact, one of the three intersection points corresponds to the pair (e, α) of an elliptic curve e and its subgroup α of order 2 such that the j-invariant of e is equal to 1728 and the order of the automorphism group which fixes α is equal to 4, and the others correspond to the pairs with the automorphism group of order 2.
Next we consider the minimal model of M. Let M be the scheme over Z (11) which is obtained by blowing-up M at the non-regular point. Then M is regular, and the special fibre of M has three components Z, Z and E. We can check that the self-intersection number of Z is equal to −3, similarly Z 2 = −3, and that the self-intersection number of E is equal to −2, so M is the minimal model over Z (11) . It is easy to see that C also has two irreducible components and three intersection points. The minimal model of C over Z (11) is obtained by blowing up along the ideal (x − 1, y, 11) . Because of the universality of the minimal model, M is also the minimal model corresponding to C. Thus we see that the supersingular points on C correspond to the three intersection points, namely the points with y = 0 of C (see Figure 1) . This completes the proof.
Proofs.
In this section we shall prove Theorem 2.1. First, we introduce the criterion for the modularity of Q-curves which is given in [5] . Let N be a square-free positive integer, and p a rational prime which divides N . We consider two quotient curves of X 0 (N ). One of them is X * 0 (N ), which is defined by (3.5) , and the other is Then the Q-curve corresponding to x is modular. Remark 4.2. We note that the rational prime 11 is the minimum prime satisfying condition (c) of Theorem 4.1.
Remark 4.3. In Hasegawa-Hashimoto-Momose [5] , they obtained similar results for all p ≥ 5 under some conditions modulo p. In general, it is not easy to obtain a result similar to our main theorem, because we must check the additional conditions. Now we recall the elliptic curve E r which is given in (2.4).
Lemma 4.4. The elliptic curve E r is a Q-curve defined over K r . P r o o f. As this lemma has been proved in Theorem 3.3 of [6] , we only give a sketch of the proof. We make use of the result by Elkies [3] that the Q-curves of "degree N ", i.e. Q-curves which have isogenies to their conjugates with degree dividing N , are parameterized by the Q-rational points of X * 0 (N ). We recall that model (3.6) is a defining equation of X 0 (22) over Q and the Atkin-Lehner involutions w 2 and w 11 act on the points (x, y) of X 0 (22) in the manner which is given by (3.7). Then it is easy to check that the rational function t = 1 2 (x+1/x) parameterizes the points of X * 0 (22) (which is of genus 0) by calculating the pole divisors of x and t. Now we specialize t to a rational number r in order to use the result of Elkies. Then it follows that (4.11) x = r ± r 2 − 1, so that we choose the point (x(r), y(r)) on X 0 (22) which belongs to the fibre of the point r on X * 0 (22), where x(r) and y(r) are given in (2.2) and (2.3). Since the relation between a point on X 0 (22) and the corresponding j-invariant is given in (2.1), we see that the elliptic curve E r is a Q-curve defined over K r .
Finally, we prove our main theorem.
Proof of Theorem 2.1. We note that the rational prime 11 satisfies condition (c) in Theorem 4.1.
Using defining equation (3.6) of X 0 (22) over Q, we obtain model (3.8) over F 11 . From Lemma 3.2, the points with y = 0 in model (3.8) correspond to the supersingular points on X 0 (22) over F 11 . Moreover, by using relation (2.1), we see that j ≡ 0 (mod 11) if and only if x ≡ 4 (mod 11), 1728 (mod 11) if and only if x ≡ 1 or 3 (mod 11).
Therefore if x is not congruent to 1, 3 or 4 modulo 11, the image of (x, y) in X * 0 (22) is not a supersingular point in characteristic 11. We recall that the point (x(r), y(r)) of X 0 (22) belongs to the fibre of the Q-rational point r of X * 0 (22). Then it follows that r ≡ 1 (mod 11) if x ≡ 1 (mod 11), 9 (mod 11) if x ≡ 3 or 4 (mod 11).
Therefore if the denominator of r is prime to 11 and r ≡ 1, 9 (mod 11), then the point on X * 0 (22) corresponding to r is not a supersingular point in characteristic 11, and hence the point (x(r), y(r)) satisfies condition (a) in Theorem 4.1.
Next we consider the Q-rational points of X 0 (22; 11) = X 0 (22)/ w 2 in order to verify condition (b) in Theorem 4.1. We put
Since the Atkin-Lehner involution w 2 acts on the points (x, y) as in (3.7), we note that S and T are invariant under w 2 . Moreover as Sx
2 )x + S = 0 and y = (x − 1)
2 ), S and T generate a subfield which is of index 2 in Q(X 0 (22)). Consequently, S and T generate the function field of X 0 (22; 11), and we can take S and T as parameters of X 0 (22; 11). Then we obtain the following defining equation of X 0 (22; 11):
since the defining equation of X 0 (22) is written as (3.6). Hence X 0 (22; 11) is isomorphic to X 0 (11), whose Mordell-Weil rank over Q is equal to zero. In particular, the number of Q-rational points of X 0 (11) is 5 (cf. [1] ), and hence we see that the set of Q-rational points of this curve (4.13) is {∞, (0, ±484), (−44, ±44)}. In fact, we can give a defining equation of X 0 (11) as (4.14)
and an isomorphism from X 0 (22; 11) to X 0 (11) as follows:
Hence if r = 1, −7/4, then the point of X 0 (22; 11) corresponding to r is not a Q-rational point. This is condition (b) in Theorem 4.1.
Finally, we summarize the conditions for the modularity of E r in terms of a rational number r. Elliptic curves of CM type are modular by [8] , and hence we may assume that E r does not have complex multiplication. If the denominator of r is prime to 11 and r is not congruent to 1 or 9 modulo 11, then the Q-curve E r corresponding to r is modular from Theorem 4.1. This completes the proof of Theorem 2.1. (N ; p) has finite Q-rational points, then we can get a similar theorem. In fact, we have results for the cases (N, p) = (33, 11), (46, 23).
Examples
Example 5.1. Let r = 11/5. Then K r = Q( √ 6, √ 29) has class number 
